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Abstract
Our main is to study stability of linear flows on real, connected, compact,
and semisimple Lie groups. Furthermore, we study periodic orbits of linear
flows. In particular, we show that on compact, semisimple Lie groups of
dimension 3 if the orbit is not a point, then it is periodic. As a consequence,
we present a version of Poincare´-Bendixon’s Theorem for periodic orbits.
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1 Introduction
Let G be a real, connected Lie group. A vector field X on G is called linear if its
flow, which is denoted by ϕt, is a family of automorphisms of the Lie group G.
Since the origin e is a fix point for the linear flow ϕt, it is natural to study the
stability in it. In books due to Robinson [9], due to Hirsch, Smale and Devaney
[7], and due to Colonius and Kliemann [3] an strategy to study stability at origin,
in linear space, is to use the hiperbolyc property. There is an analogous result on
Lie groups due to Da Silva, Santana and Stelmastchuk in [5], namely, it is showed
that asymptotically and exponential stability of ϕt at origin e are equivalent to
linear vector field X be hyperbolic.
In a first time, the hyperbolic property may be a way to study stability on
semisimple Lie group. However, it is not possible because no any semisimple
Lie groups admit a hyperbolic vector field (see Proposition 3.2 below). In fact,
only nilpotent Lie groups admit hyperbolic, linear vector field. Despite this, our
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wish is to study stability on fix points of the linear flow, namely, every point of
center is a fix point of ϕt. Our first results shows that any fix point of ϕt is neither
asymptotically nor exponentially stable. Thus, what remains is to study the stable
property at a fix point of ϕt.
To research about the stable property, we assume that G is compact and we
equip G with a bi-invariant metric given by the Cartan-Killing form. Done this,
we show that G is the central group for the linear flow ϕt; we show that the linear
flow ϕt is a family of isometries; we show that orbits of ϕt are in spheres; we
show that any fix point is a stable point; lastly, we show that any derivation D is
semisimple.
Other natural question about flows is the topological conjugacy. Since no
any linear vector field is hyperbolic, on semisimple Lie group, it means that it
is not possible to use the same arguments in [5] to study topological conjugacy
between linear flows. Also, until now, the author has not found a transversal
section, as Kawan, Santana and Rocio done in [8], to construct a homeomorphism
to conjugate linear flows. Thus, an idea is to weaken the assumption to smooth
conjugacy; however, we show that if two linear flows are smooth conjugate, then
they are the same.
Our next topic is to study periodic orbits of linear flows on compact, semisimple
Lie groups. The key is that any derivationD is semisimple. In fact, we first stablish
a relation between periodic orbits of linear and invariant flows. Following, we show
that if there are periodic orbits of the linear flow, then the dimension of G is 3; also,
we show that if dimension of G is 3, then every orbit of the linear flow is periodic.
In consequence, a version of Poincare´-Bendixon Theorem is present. Furthermore,
we show that if dimension of G is greater than 3, then the linear flow is not a
geodesic flow.
Finally, we study periodic orbits of linear flows on two 3-dimensional, compact,
and semisimple Lie groups: SO(3) and SU(2).
This paper is organized as follows. Section 2 briefly reviews the notions of
linear vector fields. Section 3 works with stability and with conjugacy on compact,
semisimple Lie groups. Section 4 develops results about periodic orbits. Finally,
section 5 applies previous results on 3-dimensional, compact, and semisimple Lie
groups SO(3) and SU(2).
2 Linear vector fields
Let G be a connected Lie group and let g denote its Lie algebra. We call a vector
field X linear if its flow (ϕt)t∈R are automorphisms of Lie group. It is known there
is a derivation D associated to X , which is given by
D(Y ) = −[X , Y ], Y ∈ g.
In Euclidian case, it is true that [Ax, b] = −Ab. As a consequence, the derivation
D coincide with linear map induced by A; then, the dynamical system
g˙ = X (g), g ∈ G,
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is a generalization of dynamical system on Rn given by
x˙ = Ax,
where A ∈ Rn×n and x ∈ Rn.
Da Silva, in [4], write
g+ =
⊕
α;Re(α)>0
gα, g
0 =
⊕
α;Re(α)=0
gα, and g
− =
⊕
α;Re(α)<0
gα
where α are eigenvalues of the derivation D such that
g = g+ ⊕ g0 ⊕ g− and [gα, gβ ] = gα+β
with α+ β = 0 if the sum is not an eigenvalue. Let us denote by G+, G0 and G−
ϕt-invariant, connected Lie subgroups of Lie algebras g
+, g0 and g−, respectively.
Lie subgroups G+, G0 and G− are called unstable, central and stable groups
associated to ϕt, respectively.
For the convenience of the reader we resume some facts about a linear vector
field X and its flow ϕt. The proof of these facts can be found in [2].
Proposition 2.1 Let X be a linear vector field and let ϕt denote its flow. The
following assertions hold:
(i) ϕt is an automorphism of Lie groups for each t;
(ii) X is linear iff X (gh) = Rh∗X (g) + Lg∗X (h);
(iii) (dϕt)e = e
tD for all t ∈ R.
3 Stability of the linear flow
Let G be a semisimple Lie group and X be a linear vector field on G. In this
section, our wish is to study stability of the linear flow ϕt, which is the solution
of the differential equation on G given by
g˙ = X (g). (1)
Being G semisimple, there is a right invariant vector field X such that X =
X + I∗X where X is a right invariant vector field and I∗X is the left invariant
vector field associated to X . Here, I∗ is the differential of inverse map i(g) = g
−1
(more details is founded in [11]). Observing this fact we can write
ϕt(g) = exp(tX).g. exp(t(I∗X)), ∀ g ∈ G.
From expression above it is simple to view that identity e is a fix point for the
linear flow ϕt. Our next result shows that the identity may be not unique fix point
for one.
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Proposition 3.1 If g is a point belongs to center of G, then g is a fix point of
the linear flow ϕt.
Proof: Let g be a point in the center of G. Then, for all t ∈ R,
ϕt(g) = exp(tX) · g · exp(−tX) = exp(tX) · exp(−tX) · g = g,
which is the desired conclusion. 
In Euclidian space, stability at fix point is easily obtained when a dynamical
system is hyperbolic (see for instance [9]). It is also true if X is hyperbolic on a
Lie group G (see for instance [5]). Following, we remember the meaning of the
hyperbolic property for linear vector fields on Lie groups.
Definition 3.1 Let X be a linear vector field on a Lie group G. We call X hy-
perbolic if its associated derivation D is hyperbolic, that is, D has no eigenvalues
with zero real part.
Let X be a hyperbolic linear vector field on a semisimple Lie group G. Then D
has no eigenvalues with zero real part. Denoting by gα the generalized eigenspace
associated with an eigenvalue α of D we get
[gα, gβ ] ⊂ gα+β
where α+β is an eigenvalue of D and zero otherwise (see for instance Proposition
3.1 in [11]). Since dimG < ∞, it implies that the Lie algebra g is nilpotent. In
consequence, G is nilpotent.
Proposition 3.2 There no exists hyperbolic linear vector field on semisimple Lie
groups.
We now begin the study the stability of ϕt around fix point. Firstly, we re-
member some concepts of stability.
Definition 3.2 Let g ∈ G be a fixed point of the linear vector field X . We call g
1) stable if for all g-neighborhood U there is a g-neighborhood V such that
ϕt(V ) ⊂ U for all t ≥ 0;
2) asymptotically stable if it is stable and there exists a g-neighborhood W
such that limt→∞ ϕt(x) = g whenever x ∈ W ;
3) exponentially stable if there exist c, µ and a g-neighborhood W such that
for all x ∈ W it holds that
̺(ϕt(x), g) ≤ ce
−µt̺(x, g), for all t ≥ 0;
4) unstable if it is not stable.
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Since property 3) is local, it does not depend of the metric on G. Because of
this, we will assume from now on that ̺ is a left invariant Riemmanian metric.
In order to characterize the stability, let us work with the Lyapunov exponent.
We follow [5] in assuming that the Lyapunov exponent can be written as
λ(e, v) = lim sup
t→∞
1
t
log(‖etD(v)‖),
where v is g and the norm ‖ · ‖ is given by the left invariant metric.
Let us denote by λ1, . . . , λk the k distinct values of the real parts of the deriva-
tion D. Then,
g =
k⊕
i=1
gλi where gλi :=
⊕
α;Re(α)=λi
gα.
Furthermore, from Theorem 4.2 in [5] we see that
λ(e, v) = λ ⇔ v ∈ gλ :=
⊕
α;Re(α)=λ
gα. (2)
Using the Lyapunov exponent we make a first result about stability of the
linear flow ϕt.
Theorem 3.3 For any linear vector field X on semisimple Lie group G, any fix
point is neither asymptotically nor exponentially stable to the linear flow ϕt.
Proof: We first observe that Lyapunov exponents satisfy the following invari-
ance property: λ(g, v) = λ(e, v) for each v ∈ g. Thus, we need only consider
the assertion at origin e. Suppose, contrary to our claim, that origin e is either
asymptotically or exponentially stable. By Theorem 4.5 in [5], it follows that all
Lyapunov exponents of D are negatives. From (2) it follows that any eigenvalues
of D have real part negative. It means that X is hyperbolic. This contradicts
Proposition (3.2). 
Despite any fix point is neither asymptotically nor exponentially stable, we are
going to show that one are stable when G is compact and semisimple. For this
purpose, we begin by introducing an appropriate metric on G.
When G is compact and semisimple, we know that the Cartan-Killing form
is negative defined. Thus, we adopt the metric <,> given by negative of the
Cartan-Killing form on g. Since <,> satisfies
< Ad(g)X,Ad(g)Y >=< X, Y >, ∀ g ∈ G and X,Y ∈ g,
it follows that <,> is an invariant Riemmanian metric on G associated to Cartan-
Killing form (see [1] for more details). From now on we make the assumption:
every compact, semisimple Lie group is equipped with the Riemannian metric
given by Cartan-Killing form.
Adopting these invariant metric and using Lyapunov exponent leads us a al-
gebraic characterization of linear vector fields on compact semisimple Lie groups,
namely, its eigenvalues have real part null.
5
Proposition 3.4 Let X be a linear vector field on a compact, semisimple Lie
group G. Then, G is the central group of the linear flow ϕt.
Proof: We begin by writing X = X + I∗(X) with X ∈ g. It is clear that
D = ad(X). Then, for any v ∈ g we have
‖etDv‖ = ‖et ad(X)v‖) = ‖Ad(exp(tX))v‖ = ‖v‖,
where we used the Ad-invariance of metric at last equality. Thus, Lyapunov ex-
ponents can be written as
λ(e, v) = lim sup
t→∞
1
t
log(‖etDv‖) = lim sup
t→∞
1
t
log(‖v‖) = 0.
Therefore, λ1 = . . . = λk = 0. Using the relation (2) we conclude that g = g0.
Since G is connected, G = G0. It means that G is the central group associated to
linear flow ϕt. 
Our next step is to verify if the linear flow ϕt satisfies some metric property.
To do this, we recall what is a Riemmanian distance.
Let (M, g) be a Riemmanian manifold, a Riemmanian distance is ρ associated
to g is defined by
ρ(x, y) = inf
σ
{
∫ 1
0
g(σ˙(s), σ˙(s))1/2ds},
where the infimun is taken over all smooth curves σ such that σ(0) = x and
σ(1) = y.
When we adopt the Riemmanian distance on G from the Cartan-Killing form,
we obtain a description of the behavior of linear flows.
Proposition 3.5 Let X be a linear vector field on a compact, semisimple Lie
group G. Then, ϕt is an isometry for all t.
Proof: For any g, h ∈ G and any t ∈ R, the Riemmanian distance between ϕt(g)
and ϕt(h) is taken over all smooth curves σt(s) such that
σt(0) = ϕt(g) and σt(1) = ϕt(h).
It is clear that smooth curves φ−1t σt(s) satisfy
ϕ−1t ◦ σt(0) = g e ϕ
−1
t ◦ σt(1) = h.
Using the invariance of metric g we obtain
∫ 1
0
g(σ′(s), σ′(s))1/2ds =
∫ 1
0
g((ϕ−1t ◦ σ)
′(s), (ϕ−1t ◦ σ)
′(s))1/2ds.
Taking the infimun over all smooth curves joining ϕt(g) and ϕt(h) yields
ρ(ϕt(g), ϕt(h)) = ρ(g, h),
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which shows that ϕt is an isometry on G to the invariant metric given by Cartan-
Killing form. 
Before our next result, we need to introduce some notations. For r > 0 we will
denote an sphere of radius r with center g by Sr = {x ∈ G : ρ(x, g) = r} and an
open ball of radius r with center g by Br(g) = {x ∈ G; ρ(x, g) < r}.
Theorem 3.6 If G is a compact,semisimple Lie group, then for each g ∈ G the
linear flow ϕt(g) is in an sphere.
Proof: We first choose an arbitrary point g ∈ G and write r = ρ(g, e). Then,
ρ(ϕt(g), e) = ρ(ϕt(g), ϕt(e)) = ρ(g, e) = r, ∀ t.
It means that ϕt(g) ∈ Sr for all t, and the proof is complete. 
A first consequence of Theorem above is about ω-limit and α-limit sets.
Corollary 3.7 If G is a compact, semisimple Lie group, then ω-limit and α-limit
sets of g are in spheres.
Now the isometry property of the linear flow φt lead us to show that any fix
point is a stable point.
Theorem 3.8 Let G be a compact, semisimple. Then, any fix point of linear flow
ϕt is an stable point.
Proof: We begin by fixing an arbitrary fix point g of ϕt. We also remember
that a Riemmanian distance induces the topology of Riemmanian manifold. So
it is sufficient to consider as neighborhoods of g open balls Br(g) where r > 0 is
arbitrary. Choose r0 > 0 such that r0 ≤ r and consider the ball Br0(g). Taking
any y ∈ Br0(g) we see that
ρ(ϕt(y), g) = ρ(y, g) < r0 ≤ r,
where we used Proposition (3.5) at first equality. It shows that ϕt(Br0(g)) ⊂ Br(g).
Consequently, by definition, g is a stable point to the linear flow ϕt. 
Theorem 3.9 On a compact, semisimple Lie group G, every derivation is semisim-
ple.
Proof: Let D be a derivation on G. From Theorem 3.8 we see that e is a stable
point of the linear flow ϕt associated to D. Since exp is a diffeomorphism, Theorem
4.6 in [5] assures that D is semisimple, and proof is complete. 
Theorem above is fundamental to study two concepts below: conjugacy be-
tween linear flows and periodic orbits of one.
One remember that the hyperbolic property is a good tool to construct topo-
logical conjugacies between two dynamical system on Rn. In [5], it is construct a
topological conjugacy between linear flows since hyperbolic property is satisfied.
Unfortunately, we lost this advantage on semisimple Lie group. Thus, it is natural
to weaken the assumptions, namely, instead of the topological conjugacy to con-
sider smooth conjugacy. However, the next result shows that it do not give some
additional information about conjugacy of linear flows.
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Proposition 3.10 Let X and Y be two linear vector field on a compact, semisim-
ple Lie groups G. Let X,Y be associated right vector fields of X and Y, respectively.
If Θ : G→ G is an diffeomorphism that conjugate ϕXt and ϕ
Y
t , then ϕ
X
t = ϕ
Y
t .
Proof: Suppose that there exists a diffeomorphism Θ : G→ G such that
Θ(ϕt(g)) = ψt(Θ(g)). (3)
Differentiating the equality (3) with respect to t at origin e we obtain
dΘe(dϕt)e = (dψt)edΘe.
In consequence,
dΘee
tD = etFdΘe,
where D and F are derivations associated to X and Y, respectively. Differentiating
the equality above with respect t and taking t = 0 we have
dΘe ◦ D = F ◦ dΘe.
Since dΘe is a linear isomorphism, it follows that D and F have the same eigenval-
ues. Being D and F semisimples, by Theorem 3.9, we get D = F . Consequently,
ϕt(g) = ψt(g) for all g ∈ G, and the proof is complete. 
4 Periodic orbits
In the previous section, we showed that a derivation D associated to a linear vector
field X is semisimple. We use this fact to study periodic orbits of a linear flow in
compact, semisimple Lie group.
Let us denote by ϕt the flow associated to X . Write X = X+ I∗X , where X is
a right invariant vector field and I∗X is the left invariant vector field associated to
X . Here, I∗ is the differential of inverse map i(g) = g
−1 (more details is founded
in [11]). In this way, we can rewrite the differential equation (1) as
g˙ = X(g) + (I∗X)(g).
It means that there exists a relation between flows of linear dynamical system
g˙ = X (g) and of invariant one g˙ = X(g). In fact, a direct accounts shows that,
for all g ∈ G, ϕt(g) is solution of (1) if and only if ϕt(g) · exp(tX) is solution of
g˙ = X(g). It suggests us that there exists a relation between periodic orbits of
invariant and linear dynamical system. Thus, our next step is to investigate this
fact.
Proposition 4.1 Let X be a linear vector field on a compact, semisimple Lie
group G. The following sentences are equivalent:
i) for every g, the invariant flow exp(tX)g is periodic;
ii) e is a periodic point of invariant flow exp(tX);
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iii) any g ∈ G is a periodic point of linear flow ϕt;
iv) for every g, Ad(g) is a periodic point to the flow etD.
Proof: i) ⇔ ii) If exp(tX)g is periodic, then e is a periodic point of the curve
exp(tX). On contrary, suppose that e is a periodic point of the flow exp(tX), that
is, there is a s > 0 such that exp((t+ s)X) = exp(tX). Then, for any g ∈ G
exp((t+ s)X)g = (exp((t+ s)X) · e) · g = exp(tX)g.
ii) ⇔ iii) If e is a periodic point of the flow exp(tX), then there is a s > 0 such
that exp(tX) = exp((t+ s)X). Thus
ϕt+s(g) = exp((t+ s)X) · g · exp(−(t+ s)X) = exp(tX) · g · exp(−tX) = ϕt(g).
On contrary, if every g is a periodic point of ϕt, then it is clear that exp(tX) is
periodic.
i) ⇔ iv) Since G is a semisimple Lie group, it follows
Ad(exp(tX) · g) = et ad(X)Ad(g) = etD Ad(g).
We thus get the equivalence. 
The interest of the preposition is in the fact that is equivalent to study periodic
orbits of linear or invariant flows on compact, semisimple Lie groups.
Theorem 4.2 Let G be a compact, semisimple Lie group.
i) If there exists a periodic orbit for the linear flow ϕt, or
ii) if there exists a periodic orbit for the right invariant flow exp(tX)g,
then dimension of G is 3.
Proof: We first observe that it is sufficient to consider e as a periodic point to
the flow exp(tX) with period T > 0. Then, for all t ∈ R,
exp((t+ T )X) = exp(tX)⇒ exp(TX) = e⇒ eTD = Id,
Take the Jordan form J of D. A simple account shows that eTJ = Id. If G
has an odd dimension, then unique real eigenvalue is 0. Furthermore, complex
eigenvalues are conjugate. Suppose that dimension of G is greater than 3. Then
there are leastwise 2 different complex eigenvalues iα and iβ with α 6= β. It implies
that Jordan block to iα and iβ are given by
(
cos(tα) − sin(tα)
sin(tα) cos(tα)
)
and
(
cos(tβ) − sin(tβ)
sin(tβ) cos(tβ)
)
As eTJ = Id we have T = 2piα and T =
2pi
β . This clearly forces α = β. Since D is
semisimple, it follows that D has only complex eigenvalues iα,−iα. Being 3 the
lowest dimension of semisimple Lie groups, we conclude that dimension of G is 3.

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Theorem 4.3 Let G be a compact, semisimple Lie group with dimension 3. As-
sume that X is a right invariant vector field. Then the orbit exp(tX) is periodic
with period T = 2π/α, where α is given by no null eigenvalues iα and −iα of
derivation D = ad(X). In consequence, for every g such that is not fix point of
linear flow ϕt, which is associated to D, the orbit ϕt(g) is periodic.
Proof: We first observe that the invariant flow exp(tX) · e is equivalent to the
flow etDId. Denoting by J the Jordan form of D, then etDId = PetJP−1. Since
D is semisimple and dim(G) is 3, it follows that there are tree eigenvalues: 0, iα,
and −iα. It implies that
etJ =

 1 0 00 cos(tα) − sin(tα)
0 sin(tα) cos(tα)

 ,
which shows that etJ is periodic with period T = 2π/α. 
An imediate consequence of Theorem and is version of Poincare´-Bendixson’s
Theorem for compact, semisimple Lie groups with dimension 3.
Theorem 4.4 (Poincare´ - Bendixson) Let G be a compact, semisimple.
i) If dim(G) = 3, if Ω is a nonempty compact ω-limit set for the linear flow ϕt,
and if does not contain a fix point point of ϕt, then Ω is a periodic orbit.
ii) If dim(G) > 3, then there are not periodic orbits.
From Theorems 4.2 and 4.3 we have a good description of linear flow ϕt on
compact, semisimple Lie groups with dimension 3, but on compact, semisimple Lie
groups of dimension greater than 3 it is open. However, we have some information
that may help in some way. In fact, by Theorem 3.6, we know that for g ∈ G the
trajectory is in spheres S(r) with r = ρ(e, g). Now, by Gauss Lemma presented
in [6, 3.70] we see that S(r) = expSe(0, r), where Se(0, r) denotes the Euclidian
sphere of the center 0 and radius r in g. In this way, there is a smooth curve
σ(t) ∈ Se(0, r) such hat
ϕt(g) = exp(σ(t)).
A first consequence of the equality above is to show if the flow ϕt(g) is also geodesic
flow.
Proposition 4.5 Let G be a compact, semisimple Lie group with dimension greater
than 3. Then ϕt(g) is not a goedesic.
Proof: It is direct because geodesics on Se(0, r) are great circles. Consequently,
they are periodic curves. By other side, from Theorem 4.2 and 4.3 we know that
the orbit ϕt(g) is not a periodic curve for any g ∈ G, and proof follows. 
In this way, if would be possible to give a good description of the σ(t) in function
of ϕt(g), then it were possible to study the behavior of ϕt(g) in the sphere S(r).
In consequence, other information can be founded as recurrent and set points,
invariant sets and others. Despite of the relevance of a good description of σ(t),
at this moment, the author have not obtain a success in this entrepreneur.
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5 Stability on SO(3) and SU(2)
In this section, we study the stability on the 3-dimensional, compact, and semisim-
ple Lie groups SO(3) and SU(2).
Our first case is to study stability on the orthogonal group
SO(3) = {g ∈ R3×3 : ggT = 1, det g = 1}.
It is well known that its Lie algebra is
so(3) =



 0 −z yz 0 −x
−y x 0

 : x, y, z ∈ R

 .
Let X be a linear vector field on SO(3). Then, there exists a right invariant
vector field X such that X = X + I∗X . A direct calculus shows that eigenvalues
of D = ad(X) are
{
0,−
√
−x2 − y2 − z2,
√
−x2 − y2 − z2
}
.
Theorem 4.3 now assures the characterization of orbits of the linear flow ϕt.
Proposition 5.1 Every orbit of linear flow ϕt in SO(3) is periodic with period
T = 2π/
√
x2 + y2 + z2.
Write λ1 = −
√
−x2 − y2 − z2 and λ2 =
√
−x2 − y2 − z2. Then, using func-
tional calculus we obtain
exp(tX) =
cosh(tλ1)− 1
λ21
X2 +
sinh(tλ1)
λ1
X + Id.
From this it is possible to give the solution of the linear flow ϕt on SO(3).
Proposition 5.2 Let X be a linear vector field on S0(3). The solution of linear
flow ϕt(g) associated to X is(
cosh(tλ1)− 1
λ21
X2 +
sinh(tλ1)
λ1
X + Id
)
·g·
(
cosh(tλ2)− 1
λ22
X2 +
sinh(tλ2)
λ2
X + Id
)
,
where X is the right invariant vector field associated to X and λ1 = −
√
−x2 − y2 − z2
and λ2 =
√
−x2 − y2 − z2.
Our other case is the unitary group SU(2), which is a matrix group given by
SU(2) = {g ∈ C2×2 : ggT = 1, detg = 1}.
The Lie algebra associated to SU(2) is described as
su(2) =
{[
i
2x
1
2 (iz + y)
1
2 (iz − y) −
1
2x
]
: x, y, z ∈ R
}
.
11
Let X be a linear vector field on SU(2) and X the right invariant vector field
associated to it. It is easily to see that a derivation D = ad(X) has the following
eigenvalues: {
0,−
√
−x2 − y2 − z2,
√
−x2 − y2 − z2
}
.
In analogous way to subsection above we obtain the following results:
Proposition 5.3 Every orbit of the linear flow ϕt in SU(2) is periodic with period
T = 2π/
√
x2 + y2 + z2.
Proposition 5.4 Let X be a linear vector field on SU(2). The solution of linear
flow ϕt(g) associated to X is
(
cosh(tλ1)− 1
λ21
X2 +
sinh(tλ1)
λ1
X + Id
)
·g·
(
cosh(tλ2)− 1
λ22
X2 +
sinh(tλ2)
λ2
X + Id
)
,
where X is the right invariant vector field associated to X and λ1 = −
√
−x2 − y2 − z2
and λ2 =
√
−x2 − y2 − z2.
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